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Electrical conductivity of aqueous polyelectrolyte solutions in the presence
of counterion condensation: The scaling approach revisited
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The conductometric properties of aqueous polyelectrolyte solutions in the absence of added salt are reviewed
in the light of the dynamic scaling description of the polymer conformation in different concentration regimes,
recently proposed by Dobrynin and Rubinstein@Macromolecules28, 1859~1995!; 32, 915~1999!#. The scaling
approach to the transport properties of polyelectrolyte solutions allows us to separate contributions due to
polymer conformation from those due to the ionic character of the chain, and offers the possibility to extend the
validity of the Manning conductivity model to the dilute and semidilute regimes. Moreover, the quality of the
solvent, influencing the polyion-counterion interactions, can be properly taken into account. The electrical
conductivity predicted by this scaling approach compares reasonably well with the observed values for a model
polyelectrolyte~polyacrylate sodium salt in aqueous solutions, good solvent condition! over an extended
concentration range from the dilute to the semidilute regime.
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I. INTRODUCTION

The transport properties of aqueous polyelectrolyte so
tions, both in the presence and in the absence of added
differ from those of neutral macro-molecular solutions a
those of simple electrolytes, owing to the strong electrost
interactions between counterions in the bulk solution a
charged groups on the polyion chain@1–4#. This peculiar
behavior, whose specificity lies in the combination of pro
erties derived from long-chain polymers and those deri
from charge interactions, despite having been extensively
vestigated both theoretically and experimentally, is still n
completely understood.

The current models for polyelectrolyte solutions are g
erally based on counterion condensation, first introduced
Imai and Onishi@5#, Oosawa@6#, and later by Manning@7,8#,
for an infinitely long and thin line charged chain. The ba
idea is that if the energy density of the rod exceeds a crit
value, some charges on the chain can be partially neutral
by one of the free ions in the solution, which means that
repulsion Coulombic energy of two adjacent unit charges
the chain must be smaller than the thermal energyKBT.

Although the main results based on the Manning coun
ion condensation model@7–10# are fairly well satisfied by
experimental data, they are valid only at infinite dilutio
When the polyion concentration is progressively increas
effects associated with the polymer chain conformation
come relevant and their influence on the overall electr
properties of the polyelectrolyte solutions must be prope
considered.

An interesting property of these systems, not complet
understood despite increasing theoretical and experime
effort, is the strong correlation between the shape~or confor-
mation! of the polymer chain in solution and its ionic sta
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and vice versa. Moreover, the poor or good solvent cond
tions, influencing the electrostatic polyion-counterion int
actions contribute to making the analytical description
these systems very complicated and far from being satis
tory when theory is compared with experimental results i
wide range of polymer concentrations.

The long-range electrostatic interactions introduce cha
teristic length and time scales which vary with the polym
concentration, covering the dilute, semidilute, and conc
trated regimes. These scaling lengths make the applicatio
the scaling description possible.

Although scaling concepts@11–13# have been applied to
polyelectrolyte solutions many years ago, more recently D
brynin, Colby, and Rubinstein@14# proposed a description o
the dynamics of charged polymer chains in a different c
centration regime on the basis of two scale lengths,
when the chain is shorter than the electrostatic screen
length and when it is larger than the correlation length. Th
scaling lengths define different concentration regimes
which different chain conformations correspond and, fina
different counterion-polyion interactions. Since scali
theory takes into account the conformational changes of
chain in different concentration regimes, contributions to
transport properties due to interactions of counterions w
polymer chains can be properly accounted for within t
approach.

Starting from the expression of the polyion equivale
conductance originally derived by Manning@15# in the very
high dilution limit and in the presence of counterion conde
sation, we have extended this approach@16#, on the basis of
the scaling picture, to more concentrated systems, from
dilute regime, where stretched rodlike configurations prev
to the semidilute regime, where a random walk statistics
plies to the chain conformation.

In the present paper, we present a review of the electr
conductivity behavior of aqueous polyelectrolyte solutions
the light of the scaling approach proposed by Dobryn
Colby, and Rubinstein@14# and more recently by Dobrynin
©2002 The American Physical Society03-1
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and Rubinstein@17,18#, giving appropriate expressions fo
the polyion equivalent conductance in the dilute and sem
lute regimes, taking into account the influence of the solv
quality ~poor or good solvent conditions!.

These expressions, based on the electrical conduct
treatment of the counterion condensation proposed by M
ning @15#, represent an extension of this model towards
higher concentration regime, where conformational chain
fects begin to contribute.

Moreover, we suggest a means to evaluate the fractio
free counterions and the solvent quality parameter from
electric spectroscopy measurements in the radio wave
quency range, independently of the electrical conductiv
measurements@19#. The knowledge of these quantities a
lows us to consider appropriate expressions for the elect
conductivity both in the dilute and semidilute regimes, taki
into account the hydrophobicity of the polymer chain. A pr
liminary comparison with the electrical conductivity valu
obtained for a typical model polyelectrolyte chain in go
solvent condition~polyacrylate sodium salt in aqueous sol
tion! over an extended concentration range provides fur
support to the use of scaling concepts to explain the trans
properties of strongly charged, flexible polyelectrolytes
aqueous solutions.

II. THEORETICAL BACKGROUND

Electrical conductivity, originated by the movement
any charged entity in response to an external electric fi
can be broken essentially into the product of three differ
terms, i.e., the chargeze ~z is the valence ande the elemen-
tary charge!, the numerical concentrationn of each carrier,
and its mobilityu, defined as the ratio of the average veloc
to an applied electric field of unit strength.

The overall electrical conductivity, induced by a unifor
electric field applied to charged particles uniformly dispers
in a continuous~conducting or nonconducting! medium, due
to the sum of contributions of all the carriers in the system
given by

s5(
i

~ uzi ue!niui . ~1!

From an experimental point of view, the usual definition
the electrical conductivitys is given by a linear relationship

^JW &5sEW , ~2!

between the volume-averaged current density

^JW &5
1

V E
V
JW~rW !dv ~3!

and the measured electric field

EW 52
1

V E
V
¹c~rW !dv, ~4!
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wherec(rW) is the electrical potential at positionrW andV is a
sufficiently large volume of the system. Equation~1! can be
rewritten in the usual way~in cgs units! as

s5(
i

ziCil i , ~5!

whereCi are the concentrations~in mol/cm3! andl i are the
equivalent conductances~in statohm cm2 mol21! of each
charged carrier present in the system.

We will apply Eq. ~5! to the system under investigation
Consider a polyelectrolyte solution made up of polyi
chains, each of them with a degree of polymerizationN,
contour lengthl, monomer sizeb at a concentrationNp ~in
mol/cm3! dispersed in an aqueous medium~a simple water
phase or a simple salt aqueous electrolyte solution! of elec-
trical conductivitys0 . In principle, in aqueous media, als
present are H1 and OH2 ions, provided by the dissociatio
of water. Under the conditions considered, their concen
tions are of the order of 1027 mol/l and their presence wil
be neglected.

Owing to interactions between polyions and counterio
~derived from the ionization of the charged groups on
polyion chain!, the transport~and thermodynamic! properties
of the solution are strongly influenced. At finite concentr
tion, some counterions, owing to the interplay between
electrostatic interactions and the change in entropy due
their spatial confinement may condense on the polyion its
According to the Manning condensation model@7,8,15#, the
conductivity behavior of the overall system is characteriz
by a charge-density parameterj defined as

j5
l B

b
5

e2uzpu
ewKBTb

, ~6!

where ew is the dielectric constant of the aqueous pha
KBT is the thermal energy, andb5 l /N is the average spac
ing between charged groups on the polyion chain, andzp is
the valence of the polyion charged groups. In particular
the charge distance is less than the Bjerrum lengthl B
5e2/ewKBT ~l B57 Å at T525 °C in water!, the electric
field becomes so strong that counterions, of valencez1 , be-
come trapped close to the polyion chain~counterion conden-
sation! and a fraction (12 f )5121/j(uz1zpu) will condense
on the polyion chain to reduce its effective charge to a cr
cal value corresponding tojc51/uz1zpu. Owing to this effect,
each polyion bears an electric chargeQp5zpeN f and re-
leases in the aqueous phase a numberNf of counterions.
Electroneutrality of the solution imposesQp5z1e f N that de-
fines the sign ofz1 to be opposite to that ofzp . In the
absence of added salt and in the presence of counterion
densation, Eq.~5! reads

s5z1C1l11zpCplp , ~7!

where the subscripts 1 andp refer to counterions and poly
ions, respectively. For univalent counterions (z151), the
following relationships hold, i.e.,zp5N f , Cp[Np , C1
5N f Np and Eq.~7! becomes
3-2
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ELECTRICAL CONDUCTIVITY OF AQUEOUS . . . PHYSICAL REVIEW E 66, 021803 ~2002!
s5N f Np~l11lp!. ~8!

Equation~8! depends on three parameters, the fractionf of
free counterions and the equivalent conductancesl1 andlp
of counterions and polyions, respectively, each of them ta
into account the electrical properties of the system.

As far as the counterion equivalent conductancel1 is
concerned, following the Manning derivation@7,8#, we have

l15l1
0

D1
u

D1
02lpS 12

D1
u

D1
0D , ~9!

whereD1
u andD1

0 are the diffusion coefficients of counter
ons in the limit of infinite dilution and in the presence
polyions andl1

0 is the equivalent conductance of free cou
terions. With this substitution, Eq.~8! becomes

s5N f Np

D1
u

D1
0 ~l11lp!, ~10!

Manning derived forD1
u/D1

0 the value 0.866.

The equivalent conductancelp

The equivalent conductancelp can be written as the ratio
of the total chargeQp on the polyion chain and the tota
electrophoretic coefficientf Etot

lp5Fup5F
Qp

f Etot
, ~11!

where F5eN is the Faraday number, withN being the
Avogadro number. According to Manning@7,8#, the total
electrophoretic coefficientf Etot, corrected for the ‘‘asymme
try field’’ effect, can be written as

f Etot5

f E1
Qp

u1
0 S 12

D1
u

D1
0D

D1
u

D1
0

, ~12!

where u1
0 is the counterion mobility in the aqueous pha

~without polyions! and f E is the usual electrophoretic coeffi
cient.

If the polyion is modeled as an ensemble ofNb simple
~spherical! structural units of radiusRb , taking into account
the effect due to hydrodynamic interactions~both between
the simple structural units and the pure solvent and betw
different units in the same chain!, the electrophoretic coeffi
cient can be written, according to the general express
given by Kirkwood and Riseman@20#, as

f E5
Nbzb

11
zb

6phNb
(

i

Nb

(
j Þ i

Nb

^r i j
21&

, ~13!

wherezb56phRb is the friction coefficient, withh being
the viscosity of the aqueous phase andr i j being the distance
between different structural units~along the same chain!.
Within this scheme, the resulting equivalent polyion cond
tancelp is given by
02180
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lp5

FQp

D1
u

D1
0

f E1
D1

u

D1
0 S 12

D1
u

D1
0D . ~14!

By introducing an appropriate cutoff function and the a
sumption of a full-extended polyion chain (r i j 5u i 2 j ub), the
electrophoretic friction coefficient@Eq. ~13!#, calculated fol-
lowing Manning@7,8,15#, yields

f E5
Nbzb

11
zb

3phb
u ln~kDb!u

'
3phNbb

u ln~kDb!u
, ~15!

wherekD5(4pbNNp)1/2 is the inverse of the Debye scree
ing length. The final expression for the electrical conduct
ity of a salt-free polyelectrolyte solution in the presence
counterion condensation, within the Manning model@15#,
reads

s5NNpf
D1

u

D1
0 S l1

01

FzeN f
D1

u

D1
0

zeN f

u1
0 S 12

D1
u

D1
0D 1

3phNbb

u ln~kDb!u
D .

~16!

The extension of the above model to more concentrated
tems is based on a scaling picture of the chain conforma
of a polyelectrolyte solution in the dilute and semidilute r
gimes in the absence of added salt. We will follow the sc
ing approach given by Dobrynin, Colby, and Rubinstein@14#
and Dobrynin and Rubinstein@18,17#.

III. THE SCALING PICTURE

Scaling concepts, successfully used for systems cont
ing uncharged polymers, have been applied to polyelec
lyte solutions by de Gennes@11# and Odijk @13# and, more
recently, by Dobrynin, Colby, and Rubinstein@14#. Since the
scaling theory takes into account the conformational chan
of the polymer chain in different concentration regimes,
provides the necessary means to evaluate the chain s
contribution to the transport behavior of the system. In F
1, we summarize, using the notation of Dobrynin, Colby, a
Rubinstein @14# and Dobrynin and Rubinstein@17#, the
meaning of the different scale lengths and the main ch
conformation predicted by the scaling model, both for go
solvent and poor solvent conditions.

A. Dilute solutions

At very low concentration, in the dilute regime, the Deb
screening lengthkD

21 is much larger than the distance b
tween chains and charges interact via the unscreened
lombic potential. The polymer chain is represented by
extended rodlike configuration ofND electrostatic blobs of
size D to form a fully extended chain of lengthL5NDD.
Each electrostatic blob containsge monomers and bears a
electric chargeqD5ze f ge ~f is again the fraction of ionized
3-3
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F. BORDI, C. CAMETTI, AND T. GILI PHYSICAL REVIEW E66, 021803 ~2002!
charged groups on the polyion chain and consequently
fraction of free counterions!. The total charge of each poly
ion chain isQp5NDqD5ze f geND .

In this case, the elementary unit that contributes to
overall friction coefficient is the electrostatic blob~instead of
the ‘‘elementary unit’’ in the Manning model!. Using a cutoff
function exp(2rij /NDD) in order to neglect contributions fo
r i j .NDD and following the Manning derivation given i
Ref. @15#, Eq. ~15! reduces to

f E5
NDzD

11
zD

3phD
ln~ND!

'
3phNDD

ln~ND!
. ~17!

FIG. 1. A sketch of a polyelectrolyte chain in poor and go
solvent conditions, for different~salt-free! concentration regimes
The chain is an extended~rodlike! configuration of electrostatic
blobs and a random walk of correlation blobs in good solvent c
dition for dilute and semidilute regimes, respectively, and a chain
globules connected by strings~necklace model! in poor solvent con-
dition ~proposed by Dobrynin and Rubinstein@14,17,18#!.
02180
e

e

The full expression for the electrical conductivity in this co
centration regime and in a good solvent condition reads

s5NNpf
D1

u

D1
0 S l1

01

FzeN f
D1

u

D1
0

zeN f

u1
0 S 12

D1
u

D1
0D 1

3phNDD

ln~ND!

D .

~18!

B. Semidilute solutions

In the semidilute solutions, the polyion chain is model
as a random walk ofNj0

correlation blobs of sizej0 , each of
them containingg monomers. Each blob bears an elect
chargeqj0

5ze f g and the full chain, of contour lengthL

5Nj0
j0 , bears a chargeQp5Nj0

qj0
5ze f gNj0

. Due to the
strong electrostatic interactions, within each correlation bl
the chain is a fully extended conformation of electrosta
blobs. This means that forr ,j0 , the electrostatic interac
tions dominate~and the chain is a fully extended conform
tion of electrostatic blobs of sizeD!, and for r .j0 , the
hydrodynamic interactions are screened and the chain
random walk of correlation blobs of sizej0 .

In this case, the electrostatic friction coefficient for a ra
dom walk ofNj0

blobs is given by

f E5
Nj0

zj

11
zj

6phNj0

(
i

(
j Þ i

^r i j
21&

5
Nj0

zj

11
8

3 ANj0

zj

A6p3hj0

,

~19!

where the average friction coefficientzj ~associated with a
single rodlike unit of sizej0!, formed byNj0

/ND spheres of
sizeD, can be derived on the basis of the scaling proper
from Eq. ~17!, with the substitution ofNDD with j0 andND
with ND /Nj0

5g/ge , i.e.,

zj5
3phj0

ln~g/ge!
. ~20!

In this case, for good solvent conditions, the full express
for the electrical conductivity reads

-
f

s5NNpf
D1

u

D1
0S l1

01

FzeN f
D1

u

D1
0

zeN f

u1
0 S 12

D1
u

D1
0D 1

Nj0
zj

11
8

3 ANj0
zj /A6p3hj0

D , ~21!
3-4
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with zj given by Eq.~20!.
This scaling picture has been more recently revisited

Dobrynin and Rubinstein@18,17#, who analyzed the configu
ration of a hydrophobic chain in a poor solvent conditio
within the so-called necklace globule model@17#. In this
case, due to strong hydrophobic interactions between the
drocarbon backbone and water molecules, the electros
~or correlation! blobs in a poor solvent condition will spli
into a set of smaller charged globules~beads! connected by
long and narrow sections~strings!. Moreover, whereas in the
dilute regime a unique configuration prevails, the semidil
regime (c* ,c,cD) splits into a string-controlled (c* ,c
,cb) and a bead-controlled (cb,c,cD) regime, where a
different concentration dependence of the chain size appe

We recall here a brief review of the main theoretical p
dictions of the necklace model concerning the behavior o
polyelectrolyte chain under poor solvent conditionsT
,u), following the derivation given by Dobrynin and Ru
binstein@17,18#.

When the total effective charge of a chainQ15ze f Nbe-
comes larger thanze(Ntb/ l B)1/2 and Coulomb repulsion be
comes comparable to the surface energy, the system red
its total free energy giving rise toNb beads of sizeDb con-
taining gb monomers each and joined (Nb21) strings of
length l s . Here, u is the temperature at which the net e
cluded volume for uncharged monomers is zero and the
vent quality parameter is defined ast5(u2T)/u. The
lengthLn of the necklace is given byLn5Nbl s , since most
of the length is stored in the strings (l s.Db).

In the semidilute regime, a new characteristic length
pears when the correlation lengthj0 becomes of the sam
order of magnitude at the lengthl s of the string between
neighboring beads. The overlapping concentrationcb is
given by

cb'b23t21/2~ l B /b!1/2f . ~22!

In the rangec* ,c,cb , the chain is assumed to be a ra
dom walk of Nj0

5N/gj correlation segments of sizej0 ,

each of them containinggj monomers. The size of the ran
dom walk chain is

R'j0S N

gj
D 1/2

'bN1/2~cb /c!1/4. ~23!

On the other hand, in the rangecb,c,cD , owing to the
screening of the electrostatic interactions between beads
model predicts only one bead per correlation globule of s
j0 , containinggj't( l B /b)21f 22 monomers. The crossove
concentration is of the order ofcD'tb23 and the chain size
is

R'j0S N

gj
D 1/2

'Nb1/2~cb /c!1/3. ~24!

Following the above derivation and the appropriate sca
relationships, the electrophoretic friction coefficientf E can
be written as
02180
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f E5
3phNbDb

11
Db

l s
u ln~Nb!u

~25!

in the dilute regime (c,c* ) and according to Eq.~19! in the
semidilute regime (c.c* ), where the friction coefficientzj

is given by

zj5
3phNbDb

11
Db

l s
U lnS l s

j0
D U ~26!

in the string-controlled semidilute (c* ,c,cb) regime and
by

zj53phDb ~27!

in the bead-controlled semidilute (cb,c,cD) regime.

C. Scaling relationships and the influence
of the solvent quality parameter

Although the main contribution to the electrical condu
tivity ~transport properties! comes from counterions~i.e.,
from counterion-polyion interactions!, the effect due to the
conformational change induced by the increase of the p
ion concentration cannot be neglected and can be succ
fully described within the scaling approach.

In the dilute regime and for a good solvent conditio
when the polymer chains are stretched and tend to a rod
configuration of electrostatic blobs, the parameters ente
the polyion mobilitylp are the length of the full extende
chainNDD and the numberND of blobs in each chain. From
the above theory, it appears that the polymer conforma
strongly influences the transport properties of the solut
and, in particular, the fractionf of free counterions; the elec
trostatic blob sizeD and the correlation lengthj0 play the
role of key parameters. According to Dobrynin, Colby, a
Rubinstein@14#, these quantities scale as

NDD'Nb~ l B /b!2/7f 4/7, ~28!

ND'N~ l B /b!5/7f 10/7. ~29!

In the semidilute regime and for a good solvent conditio
the characteristic parameters are the contour lengthNj0

j0 of

the random walk chain of correlation blobs, the numberNj0

of correlation blobs within each polymer chain, and the ra
g/ge of the monomers inside a correlation blob to those
side an electrostatic blob. Again, according to Dobryn
Colby, and Rubinstein@14#, these quantities scale as

Nj0
j05NDD'Nb~ l B /b!2/7f 4/7, ~30!

Nj0
'Nb3/2c1/2~ l B /b!3/7f 6/7, ~31!

g

ge
'b23/2c21/2~ l B /b!2/7f 4/7. ~32!
3-5



is

n

ip
p

n

ty
n
,

re

e,
ot
th

o

th

o

he
o

-
nte-

free

nt
in’s

b-
-

hin
-
icts
,
is
nly
-

un-
the

that
the
m-
ce

F. BORDI, C. CAMETTI, AND T. GILI PHYSICAL REVIEW E66, 021803 ~2002!
In the case of a poor solvent condition (T,u), according to
the above stated necklace globule model, the character
quantities scale as

Nb'
N

gb
'N~ l B /b!t21f 2, ~33!

Db'b~ l B /b!21/3f 22/3, ~34!

l s'b~ l B /b!21/2f 21t1/2 ~35!

in the dilute regime (c,c* ); as

j0'b21/2c21/2t1/4~ l B /b!21/4f 21/2, ~36!

gj't3/4~ l B /b!23/4f 23/2c21/2b23/2 ~37!

in the string-controlled semidilute regime (c* ,c,cb); and
as

j0'c21/3t1/3~ l B /b!21/3f 22/3, ~38!

gj't~ l B /b!21f 22, ~39!

in the bead controlled semidilute regime (cb,c,cD). In the
above expressions and throughout the paper, we drop
merical coefficients~of the order of unity! to keep the dis-
cussion at scaling level. Here, in all the scaling relationsh
c is the polymer concentration expressed as monomers
unit volume (c5CNN).

In the following, we will analyze the expected polyio
conductancelp in different concentration regimes~dilute
and semidilute!, considering the effect of the solvent quali
parameter. In particular, we will employ the scaling relatio
ships~28!, ~29! and~30!–~32! for the good solvent condition
in the dilute and semidilute regimes, respectively~blob
model!, and the relationships~33!, ~35! and~36!, ~39! for the
poor solvent condition, in dilute and semidilute regimes,
spectively~necklace model!. It is noteworthy that, owing to
the presence of the parametert, the above equations are abl
at least in principle, to take into account the influence of b
the increasing polyion concentration and the quality of
solvent on the effects induced by counterion condensation
the overall electrical conductivity of the polymer solution.

To proceed further, we must evaluate the changes in
ratio D1

u/D1
0 due to the scaling approach.

IV. EVALUATION OF THE TERM „D1
uÕD1

0
…

AND COMPARISON WITH THE MANNING RESULT

The term D1
u/D1

0 entering Eqs.~18! and ~21! requires
some further comments. In the presence of counterion c
densation and in the absence of added salt, Manning@7,8#
derived for the diffusion coefficients of free counterions t
following expression, in terms of the Fourier components
the electrostatic potential set up by the fixed polyion,

D1
u

D1
0 512

1

3 (
m152`

`

(
m252`

`

@j21p~m1
21m2

2!11#22,

~40!
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with (m1 ,m2)Þ(0,0) andj51/uz1zpu, in the presence of
counterion condensation. Numerical evaluation of Eq.~40!
gives a constant valueD1

u/ 1
0'0.866.

Within the Manning picture,D1
u/D1

0 depends on the poly
mer charge density and on the concentration of free cou
rions. In the scaling picture, these quantities becomeqD /D
5zgef e/D and qj0

/j05ze f g/j0 for the dilute and semidi-
lute regimes, respectively, whereas the concentration of
counterions isc f5CN fN. With these substitutions, Eq.~40!
becomes

D1
u

D1
0 512

1

3 (
m152`

`

(
m252`

` S pD

l Bgef
~m1

21m2
2!11D 22

~41!

for the dilute regime and

D1
u

D1
0 512

1

3 (
m152`

`

(
m252`

` S pj0

l Bg f
~m1

21m2
2!11D 22

~42!

for the semidilute regime, respectively. Taking into accou
the dependences given in Dobrynin, Colby, and Rubinste
scaling picture@14#, we obtain

j0

g
5

D

ge
'b~ l B /b!2/7f 4/7 ~43!

in the case of good solvent quality. Within the necklace glo
ule model~poor solvent condition!, the characteristic quanti
ties D/ge and j0 /g are replaced by Db /gb
'b( l B /b)2/3f 4/3t21 in the dilute regime, by

j0 /gj'~ l B /b!1/2bt21/2f ~44!

in the string-controlled dilute regime, and by

j0 /gj'~ l B /b!2/3c21/3f 4/3t22/3 ~45!

in the bead-controlled semidilute regime, respectively.
Figure 2 shows a comparison between values ofD1

u/D1
0

according to the Manning theory and those calculated wit
the scaling model@Eqs.~41! and~42!#. Whereas in the pres
ence of counterion condensation the Manning theory pred
a constant valueD1

u/D1
050.866, within the scaling model

D1
u/D1

0 increases monotonically and the Manning value
reached asymptotically, in the case of a good solvent, o
for j→` ( f→0). In poor solvent conditions, on the con
trary, D1

u/D1
0 decreases with the increasing degree of co

terion condensation, with a different rate, depending on
value of the solvent quality parametert.

V. DEPENDENCE OF THE CONDUCTIVITY
ON THE FRACTION f AND THE

SOLVENT QUALITY PARAMETER t

As can be seen, from the above analysis it turns out
the electrical conductivity depends on two parameters,
fraction f of free counterions and the solvent quality para
eter t, whose effect on the polymer equivalent conductan
3-6
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lp is influenced by the polymer chain conformation~i.e.,
dilute or semidilute regimes, respectively!, according to the
above stated scaling model. Figures 3 and 4 show the p
ion equivalent conductancelp as a function of the fractionf
of free counterions in the dilute and semidilute regimes,
spectively, compared with the value expected on the bas
the Manning theory. The values are calculated conside
the good solvent and poor solvent conditions, separately,
cording to Eqs.~28!, ~29! and ~30!–~32! for T.u in the

FIG. 2. Counterion self-diffusion coefficient ratioD1
u/D1

0 as a
function of the charge-density parameterj51/f . Panel~a! values
calculated according to the Manning theory. Panel~b! values calcu-
lated in the presence of counterion condensation in the case of
solvent~dotted line! and poor solvent~full lines!, for three different
values of the solvent quality factor,t50.4, t50.6, andt50.8.

FIG. 3. Polyion equivalent conductancelp in the dilute regime
as a function of the fractionf of free counterions. Full line, good
solvent condition; dotted lines, poor solvent condition fort50.4,
t50.6, t50.8, andt51.0; dashed line,lp calculated on the basi
of the Manning equation, Eq.~14!. Values are calculated withN
5100, h50.01 P, u0

150.137 cgs units~Na1 ion!, b53 Å, l B

57 Å.
02180
ly-

-
of
g
c-

dilute and semidilute regimes, respectively, and Eqs.~33!–
~35! for T,u in the dilute regime and Eqs.~36!–~39! for
T,u in the semidilute ~string-controlled and bead
controlled! regime.

The complete behavior of the polyion equivalent condu
tancelp is shown in Figs. 5 and 6, where the dependen
on both the fractionf and the parametert are considered.
Whereas in the dilute regime, in the case of a good solv
lp depends onf only ~Fig. 3!, in the poor solvent condition
there is a strong influence of the parametert ~Fig. 5!.

In the semidilute regime, there is the further depende
on the polymer concentrationC that makes thelp behavior
more complicated. In the good solvent condition, the sit
tion is depicted in Fig. 6, over an extended concentrat

od

FIG. 4. Polyion equivalent conductancelp in the semidilute
regime as a function of the fractionf of free counterions. Full line,
good solvent condition; dotted lines, poor solvent condition fot
50.4,t50.6,t50.8, andt51.0; dashed line,lp calculated on the
basis of the Manning equation, Eq.~14!. Values are calculated with
N5100, h50.01 P, u0

150.137 cgs units~Na1 ion!, b53 Å, l B

57 Å. The polyion concentration is 531020 monomers/cm3.

FIG. 5. Polyion equivalent conductancelp in the dilute regime
as a function off andt ~poor solvent condition!. Values are calcu-
lated with N5100, h50.01 P, u0

150.137 cgs units~Na1 ion!, b
53 Å, l B57 Å.
3-7
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range, from 1028 to 1022 mol/cm3. This concentration range
certainly exceeds the semidilute range, where Eq.~21! holds,
extending towards the limit of the dilute regime on one s
and towards the concentrated regime on the other side.

It is noteworthy to analyze the dependence oflp in both
the dilute and semidilute regimes as a function of the c
centrationC, for poor and good solvent conditions~Fig. 7!.
As can be seen, whereas in the dilute regimelp is indepen-
dent ofC ~either forT.u or T,u!, in the semidilute regime
it depends markedly onC, showing the presence of a cros
over region between the two regimes, where both Eqs.~18!
and ~21! do not apply. In Fig. 7, for each curve, the hig
concentration side~dilute regime! has been connected wit
the corresponding low-concentration side~semidilute re-
gime! by a continuously smooth line, evidencing the pre
ence of a crossover region. This crossover depends on
degree of polymerizationN.

VI. COUNTERION CONDENSATION INDUCED
BY POLYMER CONCENTRATION

OR BY THE QUALITY OF THE SOLVENT

In the above analysis, we have considered the depend
on the polymer concentrationC and the fractionf of free
counterions, independently, according to the point of view
the counterion condensation model. On the contrary, the f
tion f of free counterions could depend on the polymer c
centration. As pointed out by Dobrynin and Rubinstein@18#,
by increasing the polymer concentration or by changing
quality of the solvent, a change of the counterion conden
tion is provoked. For example, for polyelectrolyte solutio
in good or u solvents, the fraction of free counterions d
creases logarithmically with increasing polymer concen
tion @21#.

In what follows, we will discuss the influence of the so
vent quality factor and the polymer concentration on the c
ductometric properties of the polyelectrolyte solution~in the
semidilute regime!.

FIG. 6. Polyion equivalent conductancelp in the semidilute
regime as a function off and polyion concentrationC ~good solvent
condition!. Values are calculated withN5100, h50.01 P, u0

1

50.137 cgs units~Na1 ion!, b53 Å, l B57 Å.
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This can be done since we have recently proposed@19#
that a possible evaluation of the fractionf of free counterions
and the solvent quality parametert derives from the dielec-
tric relaxation of a polyelectrolyte solution measured
means of radiowave dielectric spectroscopy methods. In
frequency range~approximately from 1 MHz to 1 GHz!, in-
termediate between that where the polarization due to
whole polyion dominates and that where the relaxation of
aqueous phase occurs, a well-defined dielectric contribu
appears, associated with the mobility of free counterions

In the semidilute regime, this dielectric dispersion is ch
acterized@22# by a counterion fluctuation on a scale of th
correlation lengthj0 , resulting in a dielectric incrementDe
' f clBewj0

2 and a relaxation frequencyn0'D1
0/j0

2. Taking
into account the scaling for the correlation lengthj0 ~in a
poor solvent condition! @Eq. ~36!#, our final result reads

FIG. 7. Polyion equivalent conductancelp as a function of the
polyion concentrationC in the dilute and semidilute regime. Pan
~a! good solvent condition~blob model!. The fraction of free coun-
terions is fixed to the valuef 50.4. The dashed line connects th
values through a crossover region between the dilute and semid
regimes. Panel~b! poor solvent condition~necklace model!. lp has
been calculated for three different values of the fraction of f
counterions,f 50.1 ~dotted line!, f 50.2 ~full line!, andf 50.4 ~dot-
ted continuous line!. The dashed line indicates a transition regi
from dilute to semidilute regimes. The arrows mark the charac
istic concentrations associated with the different regimes, i.e.,c*
between dilute and semidilute regimes,cb between string-controlled
and bead-controlled regimes, andcD between semidilute and con
centrated regimes. These concentrations depend on the fractionf of
free counterions, according to the scaling relationships.
3-8
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t5S l B

b D 21/3De f 1/3

ew
, ~46!

f 5
pn0De

3D1
0ClBew

, ~47!

whereDe andn0 are the measured parameters~the dielectric
increment and the relaxation frequency, respectively! of the
observed intermediate dispersion andew is the permittivity
of the aqueous phase.

Both the solvent quality parametert and the fractionf of
free counterions can be obtained from the dielectric par
etersDe andn0 , which provide a simple means to estima
these parameters, independently of the conductivity beh
ior.

VII. COMPARISON WITH EXPERIMENTS

We have recently measured the electrical conductiv
@23# and the radiowave dielectric properties@24# of polyacry-
late sodium salt aqueous solutions in a wide range of p
mer concentrations, covering both the semidilute and c
centrated regime. These measurements allow the diele
parameters~the dielectric strengthDe and the relaxation fre-
quencyn0! to be determined as a function of concentrati
C. Details will be reported in a forthcoming paper@24#. In
the case of a good solvent condition, substitution of Eqs.~44!
and ~45! into the scaling relationshipn0'D1

0/j0
2 yields the

scaling behavior

De4/3

n0
'C21, ~48!

which is strictly verified for the polyion investigated~see
Fig. 8!. This means that for the polymer investigated, go
solvent conditions apply. Incidentally, we want to stress t
this scaling furnishes the possibility of evaluating the role
the solvent quality factor from dielectric measuremen

FIG. 8. Scaling relationship between the dielectric parame
De and n0 of the dielectric relaxation of polyacrylate sodium sa
aqueous solution~molecular weight 60 kD! and the polymer con-
centrationC. For good solvent condition, the expected scaling
ponent is21 @Eq. ~46!#.
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Moreover, Eq.~45! furnishes the fractionf of free counteri-
ons as a function of the concentrationC. Once this paramete
is known, we can compare the predicted behavior with
perimental findings. From Eqs.~18! and ~21!, we can deter-
mine as a function ofC the value oflp calculated from the
experimental values of the conductivitys, and the depen-
dence off on C derived from the dielectric measuremen
These values are compared with those calculated on the b
of the above scaling model in the case of a good solvent
in the semidilute regime@Eq. ~21! together with Eqs.~30!–
~32!#.

This comparison is shown in Fig. 9. As can be seen, o
the whole semidilute regime, the agreement is quite satis
tory, deviations being markedly evident only at the beginn
of the concentrated regime.

VIII. CONCLUSION

We have developed and widely reviewed a simple
proach to the electrical conductivity of aqueous polyelect
lyte solutions in the presence of counterion condensation
the basis of the scaling picture recently proposed by Dob
nin, Colby, and Rubinstein@14# and Dobrynin and Rubin-
stein @18,17#. The polyion equivalent conductance has be
calculated along the line proposed by Manning, taking in
account hydrodynamic interactions, ‘‘charged solvent’’ e
fects due to counterelectrophoresis, and the asymmetry
effect, extending its validity to finite polyion concentratio
from the dilute to the semidilute regime.

This extension should allow us to apply the Manni
theory, valid only for infinite dilution, to more concentrate
systems, where the overall electric behavior observed
many polyelectrolyte systems displays a very complex p
nomenology, in particular, a dependence of the fraction
free ~or condensed! counterions on the polyion concentra

rs

-

FIG. 9. Comparison betweenlp obtained from the measure
electrical conductivitys of polyacrylate sodium salt solution~in
dilute, semidilute, and concentrated regimes! and the values calcu
lated from Eq.~21! with characteristic quantities defined by Eq
~30!–~32!, for good solvent condition. The polymer molecul
weight is 60 kD (N'600). The fractionf of free counterions~es-
timated from dielectric measurement! varies from 0.02 to 0.15. The
values oflp calculated according to Eq.~21! with f constant to the
value f 50.02 andf 50.15 are also shown for comparison.
3-9
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tion. Our approach can be used, moreover, to estimate
fraction f of free counterions from conductivity data, pro
vided that the solvent quality is known, or, conversely,
estimate the conductivity both in the dilute and semidilu
regimes if the parametersf andt can be deduced from radio
wave dielectric relaxation measurements.

APPENDIX

The polyion equivalent concuctancelp @Eq. ~14!#, ne-
glecting the asymmetry field effect, reduces to

lp5F
Qp

f E
~A1!

yielding the following expressions.
~i! In the Manning model

lp5
FzNe f

3phNbb
u ln~kDb!u, ~A2!

where the polyion behaves as a single structural~spherical!
unit of size b ~distance between two neighboring charge!
bearing a single chargeze, andlp is corrected by the pres
ence of the logarithmic term.

~ii ! In the dilute regime

lp5
FzNe f

3phNDD
ln~ND!, ~A3!

where the single structural unit is the electrostatic blob
sizeD and the correction term is represented by the logar
mic term ln(ND). It must be pointed out that the numberNb
of charged groups differs from the number of the elect
static blobs since Eqs.~28! and~33!, for good and poor sol-
vents, respectively, hold.
-

n
,

s

em
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~iii ! In the semidilute regime

lp5
FzNe f

3phNj0
j0

lnS g

ge
D S 11

8p

A6p3
ANj0

lnS g

ge
D D . ~A4!

On the basis of the same scaling theory discussed ab
Colby et al. @25# have recently proposed that the conduct
ity of a polyelectrolyte solution in the absence of added s
could be described by taking into account a polyion equi
lent conductance given by

lp5
qj0

ln~j0 /D !

3phNj0
j0

. ~A5!

With the equivalenceqj0
5ze f gand under the conditionsg

5N/Nj0
andj0 /D5ND /D5g/ge , Eq. ~A3! reduces to

lp5
FzNe f

3phNj0
j0

lnS g

ge
D , ~A6!

which equals Eq.~A2! in the limit of largeNj0
. The expres-

sion given by Colbyet al. @25# is derived within the same
scaling scheme described here, neglecting the hydrodyna
interactions~Kirkwood model! between the single structura
units ~the correlation blobs, in this case! and neglecting the
asymmetry field effect. In fact, with the above assumptio
the electrophoretic coefficient is simply

f E5Nj0
z5Nj0

3phj0

lnS g

ge
D . ~A7!
ard,
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